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1
Logic

1.1 Propositional Logic

Definition (Proposition). A proposition is a statement that is either
true or false.

We often denote propositions with letters like p, q, or r. Further,
we denote the truth value of a proposition with T or F to indicate the
proposition is true or false, respectively. The area of logic that deals
with propositions is propositional logic. We often examine more
complicated propositions, called compound propositions, that are
formed from existing propositions using logical operators.

There is one unary logical operator, i.e., a logical operator that
applies to exactly one proposition to create a new proposition.

Definition (Negation). The negation of a proposition p is ¬p, which
is the proposition "not p".

This operator negates the truth value of p, meaning ¬p = T pre-
cisely when p = F, and ¬p = F when p = T.

When an operator applies to at least two propositions, it is a
connective, and forms what is known as a compound proposition.

Definition (Disjunction). The disjunction of propositions p and q
is p ∨ q, which is the proposition "p or q".

The disjunction of p and q is true when at least one of p and q are
true, possibly both. It is false precisely when both p and q are false.
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Definition (Conjunction). The conjunction of propositions p and q
is p ∧ q, which is the proposition "p and q".

The conjunction of p and q is true precisely when p and q are both
true, and false otherwise.1 In the case where we want to represent 1 The conjunction can be thought of as

"both p is true and q is true".the proposition "exactly one of p and q is true, but not both", we
can use the exclusive-or, denoted by p⊕ q. The exclusive-or is false
exactly when p and q take the same truth value, true otherwise.

A visual tool that can be helpful for understanding the condi-
tions under which a given compound proposition is true, based on
the truth values of its constituent propositions, is a truth table. A
truth table is an array that highlights all possible combinations of
constituent propositions’ truth values.

Example (Truth Table for a Conjunction). The truth table for the
conjunction p ∧ q is:

p q p ∧ q
T T T
T F F
F T F
F F F

Table 1.1: The truth table for
p ∧ q.

and we can observe that the four possible combinations for the si-
multaneous truth values of p and q are included in the rows left of
the double vertical line. The truth values for p ∧ q on the right cor-
respond to the combination of values for p and q in their respective
row.

The next type of connective is named the conditional operator
or implication.

Definition (Implication). Given propositions p and q, the implica-
tion p→ q is the proposition "if p, then q".

The implication p → q is false exactly when p is false and q is
true, and true otherwise. We call the proposition p the antecedent or
premise, and the proposition q the consequent or conclusion.

It is important to note that a logical implication need not depend
on our intuition of causation to be true. For example, p → q is true
when both p and q are true; so, if p is the proposition "the author’s
name is Carson" and q is the proposition "2 + 2 = 4", then p →
q ("If the author’s name is Carson, then 2 + 2 = 4") is true. This,
however, does not necessarily mean that the author’s name being
Carson causes 2 + 2 = 4 to be true.
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Further, it can cause some confusion to understand that p → q is
true whenever p is false. Consider the following example to illustrate.
Let p be the proposition "unicorns are real". In this case, regardless of
what q is, we say that p → q is true because, in a universe where uni-
corns are real, it’s not outside the realm of possibility that whatever q
claims is also true, as we have no legitimate insight into what such a
universe may look like or consist of.

The implication has some relatives, one of which is logically equiv-
alent, a topic we will discuss in greater detail momentarily. The con-
verse of the implication p → q is the proposition q → p. The inverse
of the implication p → q is the proposition (¬p) → (¬q). Note that
the converse switches the order of the antecedent and consequent,
while the inverse negates each, respectively, but does not switch the
order.

Definition (Contrapositive). The contrapositive of the implication
p→ q is the proposition (¬q)→ (¬p).

The contrapositive, as we will prove, is entirely equivalent to the
original implication. Meaning, the truth value of one is always the
same as the truth value of the other. Finally, we introduce the last
major logical connective.

Definition (Biconditional). The biconditional of propositions p and
q is the proposition (p → q) ∧ (q → p), denoted p ←→ q and
read as "p if and only if q".

We can observe that p ←→ q is true exactly when p and q take
on the same truth value, false otherwise2. This should indicate to the 2 p ←→ q is false exactly when p ⊕ q

is true; i.e. p ←→ q is equivalent to
¬(p⊕ q).

reader that, in a sense, p and q are equivalent when p ←→ q is a true
proposition.

As a note on English translations3, some phrases that often give 3 Oftentimes, you may see authors
abbreviate the phrase "if and only if" as
"iff".

students trouble are "p if q" and "p only if q". The former is equiv-
alent to the implication q → p while the latter is equivalent to the
implication p → q. Thus, if we see the phrase "if and only if", we can
recognize we are working with a biconditional.

Given the implication p → q, we say that p is a sufficient condi-
tion for q, and q is a necessary condition for p. We say p is sufficient
because p being true is "enough" to assure that q is true, but it’s pos-
sible there are other conditions besides p that would also satisfy q.
Similarly, we say q is necessary because, for p to be true, it is required
that q be true.

We now note that there exists an order in which logical opera-
tors are executed. It is best practice to always use parentheses, as
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used previously, to indicate smaller atomic parts within a compound
proposition. Contents within parentheses are always evaluated first;
then, the negation operator applies to the proposition most right-
adjacent to it; then, the conjunction and disjunction operators are
applied; then, the implication; finally, the biconditional.

Below, for reference, are included truth tables containing all of the
compound propositions covered thus far, as well as the implication
and its various related forms.

p q p ∧ q p ∨ q p⊕ q p→ q p←→ q
T T T T F T T
T F F T T F F
F T F T T T F
F F F F F T T

Table 1.2: Truth table for com-
pound propositions involving
atomic propositions p and q.

p q ¬p ¬q p→ q (¬q)→ (¬p) q→ p (¬p)→ (¬q)
T T F F T T T T
T F F T F F T T
F T T F T T F F
F F T T T T T T

Table 1.3: Truth table for impli-
cations of atomic propositions p
and q and its relatives.

We now define a few types of categories with respect to compound
propositions. A compound proposition falls into exactly one of three
categories:

Definition (Tautology). A compound proposition P is a tautology
if P is always true, i.e. there is no circumstance under which the truth
table of P contains a false F entry.

Definition (Contradiction). A compound proposition P is a contra-
diction if P is always false, i.e. there is no circumstance under which
the truth table of P contains a true T entry.

Any statement that could be true or false depending on the truth
values of its atomic components is called a contingency; thus, a con-
tingency is any compound proposition that is neither a tautology
nor contradiction. We say that P is satisfiable when it is either a tau-
tology or contingency; i.e., there is some arrangement of the atomic
constituents of P that makes P a true proposition; there is an instance
where P is not false. Further, P is unsatisfiable when P is a contra-
diction or, equivalently, (¬P) is a tautology. An assignment of truth
values to the atomic constituents of a satisfiable P that makes P true
is called a solution.
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We may now formally define what it means for two propositions
to be equivalent in logic.

Definition (Logical Equivalence). Compound propositions P and Q
are logically equivalent, denoted P ≡ Q, when P←→ Q is a tau-
tology.

In other words, P ≡ Q when they share the same truth table (al-
ways take on the same truth value). Equivalent forms hold great im-
portance in logic because they allow for one compound proposition
to be substituted for another at any point, which enables different
modes of understanding or proving a given proposition, oftentimes
to the benefit of simplicity or intuition. Below we share some equiva-
lences involving a single compound proposition.

Theorem 1.1 (Equivalent Logical Forms). The following hold:

1. Identity: P ∧ T ≡ P and P ∨ F ≡ P.

2. Domination: P ∨ T ≡ T and P ∧ F ≡ F.

3. Idempotence: P ∨ P ≡ P and P ∧ P ≡ P.

4. Double Negation: ¬(¬P) ≡ P.

5. Negation Operations: P ∨ (¬P) ≡ T and P ∧ (¬P) ≡ F.

Now, we share some equivalences involving two or more com-
pound propositions.

Theorem 1.2 (Equivalent Logical Forms II). The following hold:

1. Commutativity: P ∨Q ≡ Q ∨ P and P ∧Q ≡ Q ∧ P.

2. Absorption: P ∨ (P ∧Q) ≡ P and P ∧ (P ∨Q) ≡ P.

3. DeMorgan’s Laws:

¬(P ∨Q) ≡ (¬P) ∧ (¬Q)

¬(P ∧Q) ≡ (¬P) ∨ (¬Q)

4. Associativity:

(P ∨Q) ∨ R ≡ P ∨ (Q ∨ R)

(P ∧Q) ∧ R ≡ P ∧ (Q ∧ R)
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5. Distributivity:

P ∨ (Q ∧ R) ≡ (P ∨Q) ∧ (P ∨ R)

P ∧ (Q ∨ R) ≡ (P ∧Q) ∨ (P ∧ R)

Next, we share some equivalences involving implications.

Theorem 1.3 (Equivalent Logical Forms III). The following hold:

1. Contraposition: P→ Q ≡ (¬Q)→ (¬P).

2. Implication-Disjunction Relationship:

P ∨Q ≡ (¬P)→ Q and P→ Q ≡ (¬P) ∨Q.

3. Implication-Conjunction Relationship:

P ∧Q ≡ ¬ (P→ (¬Q)) and ¬(P→ Q) ≡ P ∧ (¬Q).

4. Distributivity over Premises:

(P ∨Q)→ R ≡ (P→ R) ∧ (Q→ R)

(P ∧Q)→ R ≡ (P→ R) ∨ (Q→ R)

5. Distributivity over Conclusions:

P→ (Q ∨ R) ≡ (P→ Q) ∨ (P→ R)

P→ (Q ∧ R) ≡ (P→ Q) ∧ (P→ R)

Finally, we conclude with some equivalences involving bicondi-
tionals.

Theorem 1.4 (Equivalent Logical Forms IV). The following hold:

1. P←→ Q ≡ (¬P)←→ (¬Q).

2. P←→ Q ≡ (P ∧Q) ∨ ((¬P) ∧ (¬Q)) ≡ ¬(P⊕Q).

3. P←→ Q ≡ (P ∨ (¬Q)) ∧ ((¬P) ∨Q).

4. ¬(P←→ Q) ≡ P←→ (¬Q) ≡ (¬P)←→ Q.

5. ¬(P←→ Q) ≡ (P ∨Q) ∧ ((¬P) ∨ (¬Q)) ≡ P⊕Q.

6. ¬(P←→ Q) ≡ (P ∧ (¬Q)) ∨ ((¬P) ∧Q).
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1.2 First-Order Logic

First-order logic or predicate logic is an important extension of
propositional logic that allows for a large expansion to the possi-
ble sentences that can be converted into symbolic form and analyzed
for validity, making it an incredibly valuable tool in the assessment of
arguments.

In propositional logic, we assume that each atomic proposition (p,
q, r, etc.) can be assessed for soundness and declared absolutely true
or absolutely false. In other words, once a proposition is specified,
we can with certainty decide that it is a true proposition or a false
proposition. In first-order logic, we allow for our atomic statements
to possess a degree of variability – even when specified, there are
cases where a statement can be true and other cases where it can be
false, not possessing an intrinsic truth value. This leads to two im-
portant definitions: the qualities that define claims (predicates) and
the extent to which the claims can be true over a specified domain
(quantifiers). The study of these two concepts and their relationships
is what comprises the foundation of first-order logic.

Definition (Predicate). A predicate is a property that can be applied
to an object/subject to produce a proposition.

Because a predicate depends on an object to become a proposition,
the combination of a predicate and unknown object is referred to as
an open proposition or propositional function.

Example (Predicate). The statement ". . . is a city in California" is an
open proposition because its truth value entirely depends on what
words take the place of the ellipsis. The predicate/property here is
being a city in California. It becomes a true proposition if we were to
substitute "San Francisco" for the ellipsis, but a false proposition if we
were to substitute "New York City" for the ellipsis.

Instead of an ellipsis, it is commonplace to use letters like x, y, and
z to denote the unknown elements of an open proposition. If we say
the predicate P is being a city in California, then P(x) can be used to
denote the open proposition "x is a city in California". P(x) has no
intrinsic truth value, but when values are substituted for x, we have
definite propositions with truth values. P(San Francisco) = T and
P(New York City) = F.

Open propositions with more than one variable element are com-
monplace. If a predicate depends on two inputs, we may write
P(x, y); further, for n inputs, we may write P(x1, x2, . . . , xn).
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1.3 Proofs
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2
Set Theory

2.1 Sets

Definition (Set). A set is an unordered collection of distinct elements.

Note the emphasis on the keywords unordered 1 and distinct.2 We 1 A set has no order of elements, mean-
ing, for example, the sets {a, b, c} and
{c, a, b} are considered the same set.
2 Elements cannot be members of a
set more than once; they are either
a member or not a member. As an
example, {a, a, b, c} is really just the set
{a, b, c}.

can write out the contents of a set explicitly using brackets: e.g.

S = {2, 4, 6, 8},

or by specifying some property:

S = {x : x is an even integer between 0 and 10},

read "the set of all x such that x is an even integer between 0 and 10."
If x is an element of the set S, we write x ∈ S; otherwise, we write

x ̸∈ S. Typically, lowercase letters denote elements and uppercase
letters denote sets, with some exceptions to be discussed later.

We say two sets A and B are equivalent when they have the same
elements. In other terms, A = B when ∀x(x ∈ A ←→ x ∈ B). The
unique set with no elements is called the empty set and is denoted
by the symbol ∅. A set with exactly one element is a singleton.

It is a common theme in mathematics that once an object of
study is specified, smaller components of that object that constitute
an object in their own right are studied as well – especially their
relationship to the larger ambient object. This begins in set theory.

Definition (Subset). A set A is a subset of a set B when every ele-
ment of A is an element of B, denoted A ⊆ B.

∀x(x ∈ A −→ x ∈ B)

It is vacuously true that any set A is a subset of itself, A ⊆ A.
In fact, every set has two trivial subsets, itself and ∅. We say A is
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a proper subset of B when A ⊆ B and there exists some element
of B that is not an element of A, denoted A ⊂ B.3 Further, we can 3 For example, {a, b, c} is a proper

subset of {a, b, c, d}.say A = B if and only if A ⊆ B and B ⊆ A; in fact, this is often the
method used in practice to show two sets are equivalent – prove each
set is a subset of the other.

2.2 Set Operations

We can perform well-defined operations on existing sets to
produce new sets.

Definition (Union). The union of sets A and B is the set

A ∪ B = {x ∈ U : (x ∈ A) ∨ (x ∈ B)} . A B

U

Figure 2.1: The set A ∪ B

This means that x ∈ A ∪ B exactly when x is a member of A, or a
member of B, or potentially a member of both A and B. On the other
hand, we can define:

Definition (Intersection). The intersection of sets A and B is the set

A ∩ B = {x ∈ U : (x ∈ A) ∧ (x ∈ B)} .

A B

U

Figure 2.2: The set A ∩ B

We have x ∈ A ∩ B if and only if x is both a member of A and a
member of B.

One can readily observe that (A ∩ B) ⊆ (A ∪ B), with (A ∩ B) =

(A ∪ B) if and only if A = B; otherwise, (A ∩ B) ⊂ (A ∪ B). We
say two sets A and B are disjoint when they share no elements in
common, i.e. A ∩ B = ∅.

Definition (Difference). The difference of sets A and B is the set

A− B = {x ∈ U : (x ∈ A) ∧ (x ̸∈ B)} .

A B

U

Figure 2.3: The set A− B

This represents the set A with everything shared in common with
B removed. This implies (A − B) ∩ B = ∅ and (A − B) ⊆ A, with
equality when A and B are disjoint.

Definition (Complement). The complement of a set A with respect
to its ambient universe U is the set

Ac = {x ∈ U : x ̸∈ A} .

U

A

Figure 2.4: The set Ac
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The complement of A is all elements in the defined universe U
that are not in A. These definitions allow for some important prop-
erties of set operations, which can all be proven from definitions if
desired; they should all be studied carefully and well-understood.

Theorem 2.1 (Set Properties). The following hold for all sets:

1. Identity: A ∩U = A and A ∪∅ = A.

2. Domination: A ∪U = U and A ∩∅ = ∅.

3. Idempotence: A ∪ A = A and A ∩ A = A.

4. Double Complementation: (Ac)c = A.

5. Complement Operations: A ∪ Ac = U and A ∩ Ac = ∅.

6. Commutativity: A ∪ B = B ∪ A and A ∩ B = B ∩ A.

7. Absorption: A ∪ (A ∩ B) = A and A ∩ (A ∪ B) = A.

8. DeMorgan’s Laws:

(A ∪ B)c = Ac ∩ Bc

(A ∩ B)c = Ac ∪ Bc

9. Associativity:

(A ∪ B) ∪ C = A ∪ (B ∪ C)

(A ∩ B) ∩ C = A ∩ (B ∩ C)

10. Distributivity:

A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)

A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)



21

Part II

Arithmetic
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3
Standard Arithmetic

3.1 Integers

Recall that the natural numbers are defined as

N = {0, 1, 2, 3, 4, 5, 6, . . .}.

The binary operation of addition + : N2 → N takes two addends,
say a and b, and outputs a sum, +(a, b), which we denote by a + b.
We can observe (and prove, if desired) a few important properties
about this operation.

Theorem 3.1 (Properties of Addition). When defined on N,

1. Closure: If a, b ∈N, then a + b ∈N.

2. Associativity: For all a, b, c ∈N

(a + b) + c = a + (b + c).

3. Identity: For all a ∈N

a + 0 = 0 + a = a.

We call 0 the additive identity in N.

4. Commutativity: For all a, b ∈N

a + b = b + a.

5. Cancellation Property: For all a, b, c ∈N

if a + c = b + c, then a = b.

The closure property indicates that the sum of two natural num-
bers is also a natural number; we call the set of natural numbers



standard arithmetic 23

"closed" under addition. The associative property shows that, in a
string of numbers added together, it need not matter which two are
added together first. We can add from right to left, left to right, or
start at some arbitrary point in the middle. The identity property
shows the existence of an "identity" under addition (in this case 0),
where a number remains unchanged when added to the identity. The
commutativity property shows that switching the order of addends
has no effect on the sum.1 The cancellation law shows that if adding 1 Using associativity and commutativity

together allows for incredible flexibility
in performing a long string of addition
in whatever way feels most convenient
or simple to us.

the same number to addends results in the same sum, the initial ad-
dends must also be the same.

The binary operation of multiplication can be defined on the
natural numbers as the act of repeated addition. We define · : N2 →
N by:

·(a, b) = a · b = a + a + · · ·+ a︸ ︷︷ ︸
b times

.

We say a and b are the factors and ab is the product.2 The multiplica- 2 We often omit the dot entirely and just
express the product as ab.tion operation also possesses many nice properties (which can also be

proven) that allow for ease of computation.

Theorem 3.2 (Properties of Multiplication). When defined on N,

1. Multiplication is closed.

2. Multiplication is associative.

3. The multiplicative identity is 1.

4. Multiplication is commutative.

5. Cancellation Property: For all a, b, c ∈N such that c ̸= 0

if ac = bc, then a = b.

6. Zero Property: For all a ∈N

a · 0 = 0 · a = 0.

7. Zero Product Property: For all a, b ∈N

if ab = 0, then a = 0 or b = 0.

8. Distributivity: For all a, b, c ∈N

a(b + c) = ab + ac.
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3.2 Rational Numbers
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4
Number Theory
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Part III

Algebra
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5
Circles
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6
Trigonometry
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Data Analysis
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7
Combinatorics
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8
Discrete Probability
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